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Abstract The connectivity index x1(G) of a graph G is the sum of the weights
d(u)d(v) of all edges uv of G, where d(u) denotes the degree of the vertex u. Let
T (n, r) be the set of trees on n vertices with diameter r. In this paper, we determine
all trees in 7 (n, r) with the largest and the second largest connectivity index. Also,
the trees in 7 (n, r) with the largest and the second largest connectivity index are
characterized.

Keywords Connectivity index - Tree - Diameter

1 Introduction

Mathematical descriptors of molecular structure, such as various topological
indices, have been widely used in structure-property-activity studies [6,7,14]. Among
the numerous topological indices considered in chemical graph theory, only a few
have been found noteworthy in practical application [12]. One of these is the connec-
tivity index or Randi¢ index. The connectivity index of an organic molecule whose
molecular graph is G is defined [3,13] as
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Xa(G) = D (dw)d(v))*,

where d (1) denotes the degree of the vertex u of the molecular graph G, the summation
goes over all pairs of adjacent vertices of G and « is a pertinently chosen exponent.
Randi¢ introduced the respective structure-descriptor in [13] for o« = —% in his study
of alkanes. However, other choice of « were also considered, in particular « = 1
[1,4,5] was treated as an adjustable parameter to optimize the correlation between y
and some selected class of organic compounds.

We only consider trees here. For a vertex x of a tree T, we denote the neighborhood
and the degree of x by N7(x) and dr(x), respectively. For two vertices v; and v;
(i # Jj), the distance between v; and v; is the number of edges in a shortest path
joining v; and v;. The diameter of T is the maximum distance between any two ver-
tices of T. We will use T — xy to denote the graph that arises from 7" by deleting the
edge xy € E(T). Similarly, T + xy is a graph that arises from 7 by adding an edge
xy ¢ E(T), where x, y € V(T).

Let T be atree. We denote by T (n, r) the set of all trees with order n and diameter r.
Let T € T(n,r). We call a path P" of T a main chain if the length of P” is r and
denote P" = uouj ...u,. Obviously, d(uog) = d(u,) = 1. Denote by S, and P, the
star and the path with n vertices, respectively.

Let T € T(n,r) (r > 2) and P" = uquy...u, the main chain of 7. Let
Uop(ky, ..., k-—1)beatree of order n obtained from P" by attaching k; pendant vertices
toeach u; € V(P") \ {uo, u,}, respectively. Denote

r—1
T*(n,r) = {Uo(kl, k1) Zk,- =n—r— 1].
i=1

We use T;*(n, r, n —r —1) to denote the tree in T7*(n, r) withk; = n—r —1 > 1 and
kj =0for j #i,where 1 <i,j <r—1l,andletT] ={T*(n,r,n—r—1|1 <i <
r — 1}. Let Ti’fj(n, r, ki, kj) be the tree in T*(n, r) with k;, k; > 1 and k; = O for [ #
i,j,wherel <i,j,l <r—1,and T} = {Tif‘j(n,r, ki, k)|l <i,j<r—1,i%#j}.

Let T be atree of order n. In [15], Yu gave a sharp upper bound of 7" for o = —% and
in [2], Clark and Moon gave bounds of T for « = —1. In [11] and [8], the sharp upper
and lower bounds of x,(G) of graph G were considered for arbitrary real number «
involving the degrees of the vertices and the order of G, respectively. In [9], trees with
small and large Randi¢ index are considered. In [16], Zhao and Li gave the smallest
lower bound of x_1/2 of T with order n and diameter r.

The research on « = 1 was discussed by Liu, et al. [10] in 2004, who gave the upper
and lower bound of connectivity index of trees with order n and pending vertex m.

In the paper, we will give sharp upper bound for x1 (7). Also, the second largest of
x1(T) are determined.
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Fig.1 T and T’

Note that if r = 2 or r = n — 1, then the only trees in 7'(n, r) are S, and P,,
respectively. Since x1(S,) = (n — D2 and x;(P,) = 4(n—2), we always assume that
3 <r <n-—2in Sects. 2 and 3.

2 Lemmas

We first give some lemmas that will be used in the proof of our main results.

Lemmal Let T € T(n,r), P" = uouy...u, be the main chain of T and u €
V(P") with dr(u) = n1 + 1, ny > 2. Suppose there exists v ¢ V(P") such that
uv € E(T) and dr (v) = np + 1, np > 1. Denote Ny (u) = {v, x1,x2, ..., Xp, } and
Nr(v) ={u, y1,y2, ..., ymo ). Let T =T =12 yiv+ > "2 viu, (see Fig. I). Then
x1(T") > x1(T).

Proof Let Q1 = {xulx € Nr(w)} U {yvly € Nr(v)}, Q2 = {xulx € Ny},
Q) = nyeE(T)_Ql dr (x)dr(y) and Q2 = nyeE(T,)_Qz d7/(x)dy(y). Obviously
Q) = Qp, and

ny n

X1(T) = Qi +drwdr(v) + Y dr (y)dr (v) + Y dr(xi)dr ()
i=1 i=1

ny ni
= Qi+ (1 + Do+ D+ o+ 1) D dr(v) + (1 + 1) D dr(xi),

i=1 i=1

np ni
X1(T") = Qo+ dp(wydp: (v) + D dp(yi)dr () + D dpr(xi)dp (u)
i=1 i=1

no ni
=+ n+n+ 1)+ 0 +n+ 1)(ZdT’()’i) + sz’(xi))-

i=1 i=1
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Note that d7 (y;) = dr/(y;) (1 <i < np)anddr(x;) = dr(x;) (1 < j < ny).
Then

ni ny

XTI = x1(T) = —ning +ny > dr(xi) +n1 Y dr(y).
i=1 i=1

Sincedr(y;), dr(x;) > l,forl <i <mnjandl <j < n1,wehaveZ‘?;l dr(x;) >
ni andz;z] dr(y;) = ny.Thus 1 (T")—x1(T) = —niny+niny+nyn; = niny > 0.
Hence x1(T") — x1(T) > 0. O

Lemma 2 Let T € T(n,r). Then there exists T* € T*(n,r), such that x1(T*) >
x1(T).

Proof Let P" = ugu; ...u, be the main chain of 7.

For all u; € V(P") \ {uop, u,}, denote m(7,,) = |{vldr(v) > 2,v € Nr(u;) \
{ui—1, uis1}}]. Let m(T) = zlr;ll m(T,,). Obviously, if m(T) = 0, then T €
T*(n,r).

If m(T) = 1, then from Lemma 1, there exists T’ € T (n, r) such that x;(T') >
x1(T) and m(T") = 0. This implies the lemma holds.

If m(T) = k > 2, then from Lemma 1, we have trees T%, T%=1 . T! such that

X1 (T > 0 (T > o> (1Y > 1 (T)

and m(T*) = 0, i.e., T*¥ € T*(n, r). Thus the lemma holds. O

Lemma3 Forr > 3andT € T*(n, r)\ T, there exists T" € T} such that x(T') >
x1(T).

Proof LetT € T*(n,r)\T;", P" = ugu . ..u, be the main chain of 7 and r = |{k; :
ki # 0}|. Thent > 2.

Let ki, kj # 0, i < j. Denote ©(u;) = erNT(u/)dT(x) +dr(u),l =i, ].
Assume, without loss of generality, that ® (u;) > ©(u;). Let Ny (u;) = {v1, va, ...,
Uk Wi—1, i1} and Ny (uj) = {wi, wa, ..., wi;, uj—1, uj+1}. Supposedr (ux) = ni
forO <k <r.Then ®(u;) =nj—1 +n; +ni41 + ki, L =i, j.

Let Q = {xuilx € Nr(uj)}U{yu;ly € Nr(up}and @ = > pir)_odrx)
dr(y). SetT! =T — Z],z’zl vk + Zi’zl viu j. We first consider the following two
cases.

Casel j > i+ 2 (see Fig. 2).
In this case, we have
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Fig.2 T and T!
ki kj
X1(T) = Q+ D" dr(w)dr w) + Y dr(wo)dr (u)) + dr (ui)dr (ui 1)
k=1 k=1

+dr (ui)dr (wiv1) +dr(uj—1)dr(uj) +dr iy 1)dr(uj)
=Q+ (ki +ni—1 +nipni + kj+nj_1 +njnj,

and
k; kj
X1(TY = Q4> dri(dp (uj) + Y dpi(wi)dp (u) + dpi (ui)dp (i 1)
k=1 k=1
+dpiui)dr (uis1) +dpi(uj_1)dp (uj) +dp(ujp)dr (u )
=Q+ i1 +ni)m —k)+0j+k)kj+ki+nj_1+njyp).
So

X1 (T = x1(T) = ki(nj +kj +nj1 +nj1) + k> = ki +ni—y +nigr)
=kinj_1+nj+njy+kj)—ki(n; +ni—1 +nix1 + k) +2ki2
= ki (@) — Ou;)) + 2k;> > 0.

Case2 j =i+ 1 (see Fig. 3)
In this case, we get

k .

k,‘ J
xi1(T) = Q+ D dr(u)dr (i) + Y dr (wi)dr (u,)
k=1 k=1
+dr (ui)dr (ui—1) + dr (ui)dr (uj) + dr(uji1)dr(uj)

=Q+kni +kjnj+ni_in; +ninj +njnjyq,
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Fig.3 T and T!
and
ki kj
KT = Q+ D dpidyi ) + D dpi(wi)dp (u))
k=1 k=1
+dpi(ui)dypi (ui—1) + dpy(ui)dpi(uj) + dpi(ujp)dy (u )
=Q+ (ki +kj)(nj+ki)+ni—1(ni —k;)
+mi —ki)(nj + ki) + (nj +kinjy.
So

x1(Th) = x1(T) = ki(kj +njp1 —ni1)
=ki((kj +n; +n; +njt1) — ki +ni—1 +n; +nj) +k;)
= ki(O(u;) — Ou;) + ki) > 0.
Note that 7' ¢ Trift =2 and x1(TYH > x1(T) from Cases 1 and 2. If t > 2,

then we will use T'! to repeat the above step until the cardinality of k; being nonzero
is only one. So we get

72,73, ..., 7" Vand x| (TY) < 1 (T?) < -+ < 1 (T' 1),
Note that 7'~ € Tl*, and hence the lemma holds. O

Lemmad4 Letr > 4. Then Xl(Ti*iJrl(”’r’ ki, s)) > X](Y}*j(n,r, ki,s)if1<i,j=<
r—landj>i+?2.

Proof For short, denote T = Tl*] (n,r, ki,s). Assume P" = ugu; ...u, is the main
chain of T'. Denote d7 (u;) = n;. Thenng =n, =1, n; =24+s,n; =k; +2>3
andn; = 2ift # 0,1, j, r. We will complete the proof by considering the following
two cases.
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Fig. 4 Tz*/ (n,r, ki, s) and Tiiki+l (n,r, ki, s)

Casel j > i+ 3 (see Fig. 4).
In this case, we have nj 1 < 2. Thus

X1 (T (nyr kiy ) — 1 (T (n, v ki 5)
=nj_ni +kinj +ni(nip1 +5) +s0ip1 +9) +nip20ip +5) +nj1(nj —s)
tnj1(nj—s) —(nj—n; +king +njpn; +njpnjqpo +njnj+sn;+njyn;)
=smi+nip1+s+nipo—n;—nj_1—njpy)
>s(n; —2) > 0.

Case2 j=i+2.
In this case, we have n; 3 < 2. Thus

X1 (Y}T[’J,_](n? r, ki7 S)) — X1 (T‘[tkj(ns r, kiv S))
=nj_n; +kinj +ni(mig1 +5) +sipr +5) + igo — )it +5)
+Mig2 — S)niyz — (mi—1n; +king +njpan; +nipnigo +snio +niponii3)

=s(n; —njy3) > 0.

Thus the lemma holds. O

Lemma5 Letr > 5. Then x (T}, ((n,r,5,1) > x1(T{y(n, 1,5, 0)) = x1(T* 5,4
(n7r7tas)) lf‘zilﬁr_3'

Proof 1t is no difficult to check that x1 (7}, (n, 1,5, 1)) = Xl(T;f.Jrl (n,r,t,s)) for

1,1 1
2=i=r=3and \1(T); (. r,5,0) = o (T}, (s 1) for2 < i, j <r —3
and i # j. Hence, we just need to show XI(T2f3(n, r,s, 1) > Xl(Tffz(n, r,s, 1) =

Xl(Tr*—z,r—l("’ r,t,s)). Since
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Xl(Tz*,3(n»r’S»t)) - Xl(Tsz(i’l,V,S,l))
=24254+2)+s6+2)+ G+ +2)+1t(t +2)+2(t+2)
[ +2)+sG+2)+ ¢ +2)E+2) +1(t+2) +2( +2) +4]
=(+2)—2>0,

the lemma holds immediately. (]

Lemma6 Letr >3and1 <i <r —2. Then

<xi(Tf s =1Lt + 1) if t =55

T* t
KT (o r S I e s 1= 1)) s >t
i,i+1 d

Proof Let P" = ugu . ..u, be the main chain of T;fl.H(n, r,s,t)and d(u;) = n; for

0<i<r.Thenl <n;_1 <2and 1 <n;yp <2.1ft > s, then we have
Xl(ﬂi’.;.l(”l,r,s —1,t41)) - XI(T,'T,'.;_l(nvraSvt))
=ni1+D+GE-DE+D+G+DE+3)+ @+ 1) +3)+ni42(t +3)

—[ni—1(s+2)+s(s+2)+ (s +2)t+2)+ 1t +2)+nip(t +2)]
=1+nj42—ni_1+ (@ —s)>0.

If s > 1, then
Xl(ﬂ'i’.;.l(n,r,s +1,t-1)) — XI(Y}T[J,_I(nvrsSv 1)
=ni1+D+GE+DE+N+GE+DE+ D)+ -1+ 1) +nig2+1)

—[ni—1(s+2)+s(s+2)+ (s +2)(t+2)+ 1t +2)+nip(t +2)]
=14+nj_1 —njzo+ (s —1)>0.

Thus the lemma holds. ([

3 Results
Theorem A Let T € T(n,r). Then

n?—3n+4 if r=23; (D)

XI(T)S[(n—r+1)(n—r+3)+4(”—3) if r>4 2

Equalities hold in (1) and (2) if and only if T = Ti*(n, 3,n—4),i =1,2 and
T e Tf\{T{(n,r,n—r —1),T* [(n,r,n —r — 1)}, respectively.

Proof For any T € T(n,3), we have T € T*(n,3). Since x|(T}*(n,3,n — 4)) =
x1(Ty(n,3,n —4)) = n? —3n +4, (1) holds by Lemma 3 and the equality holds if
andonly if T = T*(n,3,n —4),i =1,2.
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Now we consider the case r > 4. From Lemmas 2 and 3, for any 7' € T (n,r),
there exists 7" € T," such that x;(T") > x;(T). By an elementary calculation, we
have X](Tl-*(n,r,n —r—1) = X](T]?"(n,r,n —r—1)if2 <i,j <r—2and
x1(Tfm,r,n—r — 1)) = x1 (T ,(n,r,n —r — 1)). On the other hand, we have

Xl(Ti*(n,r,n—r— =m—-r+0)n—-—r+3)+4r—-3), i#1,r—1
and
x(Tfm,ron—r—1))=m—-r+Dn—r+2)+4(r —3)+2.
Hence x1(T*(n,r,n —r — 1)) — xi(T{'(n,r,n —r = 1)) =n—-r+1-2 =
n—r—1>0byr <n—2. Thus (2) holds and the equality holds if and only if
T eTi\({T(n,r,n—r—1,T* (n,r,n—r— 1} O
Theorem B Letr > 5and T € T(n,r) \ T}". Then
x1(T)<mn—-ryn—r+3)+4r—-4)+9
and the equation holds if and only if T = Ti”"iH(n, rnl,n—r—2),2<i<r-3
Proof By the proof of Lemma 3, forany T € T'(n, r) \ T", there exists T" € T, such

that 1 (T') > x1(T). By Lemmas 4 and 5, we have x1(T') < (T (s, 1),
where 2 < i <r — 3. By lemma 6 and note that for2 <i <r — 3,

Xl(Ti’fiJr](n,r, I,n—r—2) = Xl(Tl-’fiH(n,r,n—r—l 1)
=m—-rn—r+3)+40r —4)+9,

Theorem B holds immediately. ([

Theorem C Letr > S5and T € (T(n,r) U{T{*(n,r,n —r — 1), T ((n,r,n —r —
DY\ T} Then x1(T) < (n —r)(n —r +3) +4(r —4) + 9 and the equation holds
ifandonlyifTETi’fiH(n,r,1,n—r—2),2§i <r-—3.

Proof By Theorem B, for any 7' € T(n,r) \ T}, there exists i with2 <i <r —3
such that

xi(T) < x1(Ti (nyr, ln—r=2)) =(m—r)(n—r+3)+4(r —4) +9.
Note that

x(Tfm,ron—r—10)= (T n,rrn—r—1))=m—r+1Dn—r+2)
FAr—3) 42
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and
X](’I-;ikl+1(narv17n_r_2))_XI(T]*(nvr’n_r_l))z1>Oa
Theorem C holds obviously. (]

Theorem D Let T € T(n,r) \ T{. Then

n>—4n+9 ifr=3; 3)

Xl(T)E[nz—Sn—i-lZ if r =4 )

12

Equalities hold in (3) and (4) if and only if T = Tf'jz(n, 3,1,n =5 and T
T (n, 4, 1,n — 6), respectively.

Proof ForT € T (n,3)\ T;*, by Lemma 6, we have x1(T) < x1 (T1*,2(”» 3,1,n—15))
or xi(T) = x1(I{"y(n, 3,n — 5, 1)). Since

1 (Tfy(n, 3, 1,n = 5) = 1 (T{5 (1, 3,0 — 5, 1)) = n® — 4n +9,
(3) holds and equality holds if and only if T = Tf'jz(n, 3,1,n-=235).
By the proof of Lemma 3, for T € T'(n,4) \ T}, there exists 7' € T, such that
x1(T") = x1(T). By Lemmas 4 and 6, we have x1(T") < x1(T}*,(n,4,1,n — 6)) or
x1(T) < Xl(Tl’fz(n, 4,n — 6, 1)). Note that

x1(Tf5(n, 4, 1,n — 6)) =n* — 5n + 12,

and
x1(Tf5(n, 4,n — 6, 1)) = n> — 6n + 19.
Then
x1(Ti'5(n, 4, 1,n — 6)) — x1(T{y(n,4,n —6,1)) =n—7 > 0.
Thus (4) holds and equality holds if and only if 7 = Tl*’z(n, 4,1,n — 6). O

Theorem E Let T € (T'(n,4) U{T}"(n,4,n —5),T;'(n,4,n —5)}) \ T}". Then
xi(T) <n*=5n+12

and equality holds if and only if T = Tsz(n, 4,1,n—-6)orT =T(n,4,n—5) or
T =T5(n,4,n-5).

@ Springer
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Proof LetT e T (n,4)\T,". By Theorem D, we have x;(T') < Xl(Tl”jz(n, 4,1, n-06)).
Note that

x1(T{ (n, 4,n = 5)) = x1(T5'(n,4,n = 5)) = x1(T7'5(n, 4, 1,n — 6))
=n’—5n+12.

Theorem E holds immediately. ]
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